This paper studies the differential quadrature finite element method (DQFEM) 13 systematically, as a combination of differential quadrature method (DQM) and standard finite element method (FEM), and formulates one-to three-dimensional (1-D to 3-D) 15 element matrices of DQFEM. It is shown that the mass matrices of C 0 finite element in DQFEM are diagonal, which can reduce the computational cost for dynamic problems.
Introduction

31
The finite element method (FEM) is a powerful tool for the numerical solution of a wide range of engineering problems. In conventional FEM, the low order 33 schemes are generally used and the accuracy is improved through mesh refinement, this approach is viewed as the h-version FEM. The p-version FEM employs 35 a fixed mesh and convergence is sought by increasing the degrees of element. The hybrid h-p version FEM effectively marries the previous two concepts, whose con-37 vergence is sought by simultaneously refining the mesh and increasing the element degrees [Bardell, 1996] . The theory and computational advantages of adaptive p-and 39 hp-versions for solving problems of mathematical physics have been well documented [Babuska et al., 1981; Oden and Demkowicz, 1991; Shephard et al., 1997] . Many 1 studies have focused on the development of optimal p-and hp-adaptive strategies and their efficient implementations [Campion et al., 1996; Demkowicz et al., 1989; 3 Zhong and He, 1998 ]. Issues associated with element-matrix construction can be summarized as
5
(1) Efficient construction of the shape functions satisfying the C 0 and/or C 1 continuity requirements.
7
(2) Efficient and effective evaluations of element matrices and vectors. (3) Accounting for geometric approximations of elements that often cover large 9 portions of the domain.
The efficient construction of shape functions satisfying the C 0 continuity is pos-
11
sible and seems to be simple for both p-and hp-versions [Shephard et al., 1997] , but the construction of shape functions satisfying the C 1 continuity is difficult for 13 displacement-based finite element formulation [Duan et al., 1999; Rong and Lu, 2003] . The geometry mapping for the p-and hp-version can be achieved through 15 both the serendipity family interpolations and the blending function method [Campion and Jarvis, 1996 ], thus we focus on the first two issues for efficiently 17 constructing FEM formulation satisfying the C 0 and/or C 1 continuity requirements in present study. 
The Reformulated Differential Quadrature Rule
The survey paper [Bert and Malik, 1996] has presented the details of DQM, only the 25 reformulated DQ rules for curvilinear quadrilateral domain and its implementations are given below. DQM has been applied to irregular domains with the help of the 27 natural-to-Cartesian geometric mapping using the serendipity-family interpolation functions [Bert and Malik, 1996; Xing and Liu, 2009] or the blending functions 29 which permit exact mapping [Malik and Bert, 2000] .
The mapping using serendipity-family interpolation functions is applicable to arbitrary domain. For an arbitrary quadrilateral domain as shown in Fig. 1 , the geometric mapping has the form
where x k , y k ; k = 1, 2, . . . , N s are the coordinates of N s boundary grid points in the
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Cartesian x-y plane, S k (ξ, η) the serendipity interpolations defined in the natural ξ-η plane. Since the base function S k has a unity value at the kth node and zeros
33
at the remaining (N s −1) nodes, the domain mapped by Eq. (1) and the given quadrilateral domain matches exactly at least at the nodal points. Subsequently, we should express the derivatives of a function f (x, y) with respect to x, y coordinates in terms of its derivatives in ξ-η coordinates. Using the chain rule of differentiation results in ∂f ∂x
where the determinant |J | of the Jacobian
Then the partial derivatives ∂f /∂x and ∂f /∂y at gird point x ij = x(ξ i , η j ), y ij = y(ξ i , η j ) in the mapped curvilinear quadrilateral domain can be computed using DQ rules, as
where M and N are the numbers of grid points in x (or ξ)-direction and y-(or η) direction, respectively. A (r) ij and B (s) ij are the weighting coefficients associated with the rth-order and sth-order partial derivative of f with respect to ξ and η at the discrete point ξ i and η j , respectively. Equations (4) and (5) define the DQ rules of the first order partial derivatives with respect to the Cartesian x, y coordinates for irregular domain. Certainly, these rules can also be written in a compact form using a single index notation for grid points, as 
km andB
(1) km are respectively the assemblages of A
(1) ij and B
(1) ij according tof m defined as follows
where i = 1, . . . , M; j = 1, . . . , N, and the elements ofĀ (1) and B (1) can be computed from A (1) and B (1) for each (i, j) by
The high order DQ rules in the mapped region can written similarly as
(10) where the weighting coefficients can be obtained using the recurrence relationships
The DQ approximations for the first-order derivatives of function f (x, y, z) defined over a regular hexahedron are required for the 3-D formulation in present paper, and can be written as
where A
(1) ij , B
(1) ij and C
(1) ij are the weighting coefficients associated with the first-1 order partial derivative of f (x, y, z) with respect to x, y, and z at the discrete point x i , y i , and z i , respectively.
3
For 3-D irregular hexahedron, using the corresponding isoparametric mapping and in the same way as in Eqs. (2)-(10), the first-order derivatives of function f (x, y, z) in the mapped region can be written as
(1) qpf p (13) wherē
The weighting coefficients of Eq. (13) can be obtained through assembling those of 1 Eq. (12) according to the similar method for 2-D case as above.
The Differential Quadrature Finite Element Method
3
The differential quadrature finite element method was developed in reference [Xing and Liu, 2009] where the DQ and Gauss-Lobatto quadrature rules were used to 5 discretize the energy functional, by which the free vibrations of thin plates were investigated extensively.
7
Here we extend the DQFEM to rod, beam, thick plate, plane and three dimensional problems. For linear elastic bodies, the total potential energy Π involves the strain energy and work potential, and is given by
where ε and D are the strain field vector and the material matrix, respectively, u is the displacement field vector. The kinetic energy functional is given by
whereu is the velocity field vector, q the distributed surface force vector, ρ the volume density. Then the element matrices of different kinds of structures can be 9 obtained from the discrete quadratic forms of Π and T .
Rod element
11
Consider a uniform rod element of length l, cross section area S. Assuming that the longitudinal displacement function is
where l i are the Lagrange polynomials, u i = u(x i ) the displacements of the Gauss Lobatto quadrature points or the nodal displacements of the DQ finite rod element, x j the Gauss-Lobatto node coordinates, M the total node number. Using DQ and Gauss-Lobatto quadrature rules, Eqs. (16) and (17) can be written as
where E is the Young's modulus,
where A (1) indicates the weighting coefficient matrix of DQ rules for the first-order derivatives [Bert and Malik, 1996; Xing and Liu, 2009 ] with respect to the GaussLobatto nodes, and
where C j are the weighting coefficients of Gauss-Lobbato integration. Therefore, the stiffness matrix K, mass matrix M and load vector R are
It is noticeable that the finite element matrices in DQFEM can be obtained by simple algebraic operations of the weighting coefficient matrices of DQ rule and Gauss-Lobatto integral rule, and that the mass matrix M of rod element is diagonal. For the 3-degree-of-freedom element where the nodes of DQFEM and FEM are the same, the element stiffness matrices and load vectors of both methods must be identical, but the mass element matrices are different, hence only the element mass matrix of DQFEM is given below, as
It is noteworthy that the diagonal element ratios of mass matrices of both methods 1 are the same. Although the mass matrix in Eq. (22) is diagonal, it is not the same as the lumped mass matrix of FEM, and the summation of all diagonal elements 3 equals to the total mass of the rod, see Eq. (23).
Euler beam element 5
Consider a uniform Euler beam element with length l and cross section area S.
Assuming that the deflection function is
where w i = w(x i ) are the deflections of the Gauss Lobatto quadrature nodes of the DQ finite beam element. Similarly as in Sec. 3.1, using DQ and Gauss-Lobatto quadrature rules, Eqs. (16) and (17) can be written as
where I is the moment of inertia, and
In order to construct element satisfying C 1 inter-element continuity requirements, the element displacement vector should be
Using DQ rules one can find the relation between w andw as
where
Substituting Eq. (28) into Eq. (25), the stiffness matrix, mass matrix and load vector of the DQ finite Euler beam element are obtained as
It is readily shown that the transformation matrix Q in Eq. (29) is well conditioned in general. In the same way as in Eq. (30), the construction of element with C n continuity is possible. Similarly as in rod case discussed above, for a beam subjected to uniformly distributed load q 0 , the element stiffness matrices and load vectors of FEM and DQFEM are the same, but the Lagrange polynomials are used in Eq. (24) while the Hermite interpolation functions are used in FEM. The 4-degree-of-freedom element mass matrix in DQFEM is 
Apparently, the mass matrix of DQFEM has small difference from that of FEM. Consider a curvilinear quadrilateral domain with uniform thickness h, as shown in Fig. 1 , the displacement fields have the forms
The strain-displacement relations of plane problems are 
Define the following element displacement vectors
then by inserting Eq. (6) 
0B
(1)
where the DQ rule and Gauss-Lobatto rule have been involved,Ā (1) ,B
(1) are given in Eq. (9), and the three nodal strain vectors have the same form as in Eq. (34). Thus, we can obtain the matrices of the DQ finite curvilinear quadrilateral plane element, for plane stress problem, they are
where the corresponding nodal displacement vector is [u The thin curvilinear quadrilateral plate element of DQFEM, as shown in Fig. 2 , has been well established [Xing and Liu, 2009] , for completeness of present paper, the main results are given below. The deflection function is defined in terms of Lagrange polynomials as follows
In order to satisfy the C 1 inter-element compatibility conditions, the displacement vector is assumed to be
where the scale m = (j − 1)M + i, w mx = (∂w/∂x) m , w my = (∂w/∂y) m , and w mxy = (∂ 2 w/∂x∂y) m . The element matrices are given by identical to that of in-plane case.
Mindlin plate element
5
In Mindlin plate theory, one can choose the deflection w and two rotations θ x and θ y of the normal line with respect to the middle surface as the generalized displacements which can be expressed as
Define the nodal displacement vector as [θ 
; m x and m y are the nodal 1 bending moment vectors with respect to x and y directions, q w is the nodal force vector with respect to z direction, they have the same form as that of Eq. (34). C is 3 identical to that of in-plane case, the shear rigidity of Mindlin plate is C = κGh = υ s D where κ is the shear correction factor, G the shear modulus. 
Three dimensional element
For 3-D problems, the translational displacements in DQFEM are given by
Define the nodal displacement vector as [u T v T w T ] whose elements are arranged as in Eqs. (14) and (15), in the same way as in-plane and Mindlin plate cases, one can determine the 3-D element matrices of DQFEM as
(1) andC (1) are the weighting coefficient matrices whose element are 7 used in Eq. (13), 
Numerical Comparisons 3
The results presented in this section aims at demonstrating the high accuracy and rapid convergence of the DQFEM. This is done through 2-D and 3-D free vibra-5 tion analyses of plates (Tables 1-3 ) and static plate bending analyses (Table 4) , the free vibration analyses of rectangular plates with discontinuous boundaries 7 (Table 5) . . [Leissa, 1969] .
respectively. The DQFEM solutions are compared with the Rayleigh-Ritz solutions 1 . For the rectangular plates with aspect ratio a/b = 1, the results of the completely free, simply supported, and clamped plates converge when 3 grid size equals 7×7, 8×8, and 9×9, respectively. Thus, one can say that completely free plate converges fastest, while clamped plate converges slowest. It can be seen 5 that all of the frequencies of DQFEM are exactly the same as those of Rayleigh-Ritz method.
7 Table 2 presents comparison studies of flexural free vibration of six triangular thin plates (see Fig. 3 ) with three combinations of simply supported, clamped and 9 free edges, namely CCC, SSS and SCF. SCF implies the side (1), side (2) and side (3) of a triangle are simply supported, clamped and free, respectively. The triangular 11 plates are divided into three sub quadrilateral elements in calculation. It can be seen that DQFEM is capable of producing accurate results when the grid size of each 13 subelement is 10×10. The DQFEM solutions agree with the Rayleigh-Ritz solutions [Karunasena and Kitipornchai, 1997] , at least to three significant digits, and with 15 the superposition solutions [Gorman, 1983; Gorman, 1986; Gorman, 1989] , to two to three significant digits.
17
In Table 3 , a comparison study has been given for 3-D free vibration of circular plates with clamped and free boundary conditions. The DQFEM solutions are [Su and Xiang, 2002] .
given for two free circular plates with relative thickness h/R = 0.1 and 0.2, and a 
(1) all the results used for comparisons Lee, 2000 and So and Leissa, 1998 for 1 free circular plates; Zhou et al., 2003 and Leissa, 1969 for clamped circular plate], to at least three significant digits.
3 Table 4 presents comparison studies of bending moments in an elliptical plate (see Fig. 4 ) with built in and simply supported edges subjected to uniformly dis- Fig. 4 are presented for which both results [Timoshenko and Krieger, 1959] and p-type FEM results [Muhammad and Singh, 9 2004] are available. The DQFEM solutions based on both the thin plate theory and 
